Abstract. Translating results due to J. Labute into group cohomological language, A. Schmidt proved that a finitely presented pro-p-group G is mild and hence of cohomological dimension cd G = 2 if H 1 (G, Fp) = U ⊕ V as Fpvector space and the cup-product
Statement of results
The central objects studied in this paper are mild pro-p-groups whose concept is due to J. Labute. By definition mild pro-p-groups admit a presentation in terms of generators and relators, where the relators satisfy a condition of being free in a maximal possible way with respect to suitably chosen filtrations. Mild pro-p-groups are of cohomological dimension 2 which is one of the main reasons for their importance also from an arithmetic point of view.
In [14] , using the theory of mild pro-p-groups, J. Labute gave the first examples of groups of the form G S (p) = Gal(Q S (p)|Q) satisfying cd G S (p) = 2 in the tame case, i.e. where p ∈ S. Here p is an odd prime number and Q S (p) denotes the maximal pro-p-extension of Q unramified outside S. This has led to further extensive contributions in more general situations including arbitrary number fields and the case p = 2. A. Schmidt showed that over a number field the sets S of primes satisfying cd G S (p) = 2 are cofinal among all finite sets of primes even in the tame case (cf. [21] , Th. 1.1).
These arithmetic results require efficient methods to decide when a given pro-p-group is mild. Such a criterion is given by the following Cup-product criterion: Let p be prime number and G be a finitely presented pro-p-group such that H 2 (G, F p ) = 0. Assume that H 1 (G, F p ) admits a decomposition H 1 (G, F p ) = U ⊕ V as F p -vector space, such that the following holds:
Then G is a mild pro-p-group, in particular cd G = 2 holds.
For p > 2, this result is a cohomological reformulation of [20] , Th.5.5, which in turn follows from a result due to J. Labute on so-called strongly free sequences in Lie algebras. For p = 2 it has been proven by J. Labute and J. Mináč [15] using mixed Lie algebras and later independently by P. Forré [7] . Obviously the assumptions of the above criterion imply the surjectivity of the cup-product
Equivalently, if G = F/R is a minimal presentation of G (i.e. F is a free pro-pgroup and the inflation map H 1 (G, F p ) −→ H 1 (F, F p ) is an isomorphism) and r 1 , . . . , r m ∈ R is a minimal system of defining relations, then the r i must be linearly independent modulo F (3) where F (n) denotes the Zassenhaus filtration of F . If this is not the case, e.g. if R ⊆ F (3) , then G can still be mild, but the cup-product does not contain enough information. However, if the cup-product is trivial, then inductively there exist welldefined multilinear n-fold Massey products ·, . . . , · n :
which can be seen as higher analogs of the cup-product. As noticed by H. Koch, there is a close connection between these higher Massey products and relations lying in higher Zassenhaus filtration steps of F . The exact identities have been proven independently by D. Vogel and M. Morishita ([23] and [18] ). The main result of this paper is to prove the following generalization of the cup-product criterion to arbitrary higher Massey products. We define the Zassenhaus invariant z(G) by
is trivial for all k < n .
Theorem (Th. 4.9) . Let p be a prime number and G a finitely presented prop-group with n = z(G) < ∞. Assume that H 1 (G, F p ) admits a decomposition H 1 (G, F p ) = U ⊕V as F p -vector space such that for some natural number e with 1 ≤ e ≤ n − 1 the n-fold Massey product ·, . . . , · n : H 1 (G, F p ) n −→ H 2 (G, F p ) satisfies the following conditions:
(a) ξ 1 , . . . , ξ n n = 0 for all tuples (ξ 1 , . . . , ξ n ) ∈ H 1 (G, F p ) n such that #{i | ξ i ∈ V } ≥ n − e + 1. (b) ·, . . . , · n maps U ⊗e ⊗ V ⊗n−e surjectively onto H 2 (G, F p ).
Then G is mild (with respect to the Zassenhaus filtration). In particular, G is of cohomological dimension cd G = 2.
Note that we do not assume that p z(G). Hence, in the case z(G) = 2, we obtain a new proof of the cup-product criterion including the case p = 2. The above theorem allows to construct mild pro-p-groups with relations of arbitrary degree with respect to the Zassenhaus filtration.
A concept very closely related to the idea of mild pro-p-groups has already been introduced in [13] in the case of one-relator pro-p-groups. By an open question due to Serre and Gildenhuys, a one-relator pro-p-group G should be of cohomologicial dimension cd G = 2 unless the generating relation can be chosen to be a p-th power. It turns out that the theory of mild pro-p-groups with respect to Zassenhaus filtrations and higher Massey products yields a number of interesting applications in the case of one-relator pro-p-groups:
Theorem (Cor.5.10). Let G be a one-relator pro-p-group such that the Zassenhaus invariant z(G) is prime to p. Then G is mild with respect to the Zassenhaus filtration. In particular, cd G = 2.
This result is a special case of the more general Theorem 5.9. We deduce that the Zassenhaus invariant of a one-relator pro-p-group with cohomological dimension > 2 is necessarily divisible by p. With regard to Serre's question, the following result is of interest:
Theorem (Prop.5.13). Let G be a one-relator pro-p-group with generator rank d = h 1 (G) and Zassenhaus invariant z(G) = p and G = F/(r) be a minimal presentation of G. Assume that cd G > 2. Then there exists a free basis x 1 , . . . , x d of F and y ∈ F such that
Important examples of one-relator pro-p-groups are given by the class of Demuškin groups, i.e. one-relator pro-p-groups G with non-degenerate cupproduct
. These groups are duality groups of dimension 2. We introduce the a more general notion of groups of Demuškin type with higher Zassenhaus invariants and prove that they are either finite or mild.
The article is structered as follows: In the second section we investigate the notion of mild pro-p-groups with respect to weighted Zassenhaus filtrations. This is basically contained in [14] , however we obtain more explicit results on the structure of the graded restricted Lie algebras gr G. In the third section we state Anick's criterion for combinatorially free sequences of monomials in noncommutative polynomial algebras and construct a special class of multiplicative monomial orders which will be crucial for the proof of Theorem 4.9. In section 4 we recall the notion and basic properties of higher Massey products in group cohomology and prove Theorem 4.9. Furthermore, we give arithmetic examples of mild pro-2-groups with Zassenhaus invariant 3. The fifth section is devoted to the study of one-relator pro-p-groups. We investigate the structure of the graded restricted Lie algebras gr τ F for free pro-p-groups F which is crucial for the proofs of the main results 5.9 and 5.13. In the last section we introduce the notion of groups of Demuškin type and apply 4.9 to show that they are either finite or mild.
Acknowledgements: Parts of the results in this article are contained in the author's PhD thesis. Hearty thanks go to Kay Wingberg for his guidance and great support and to John Labute, Alexander Schmidt and Denis Vogel for helpful discussions on the subject.
Mild pro-p-groups with respect to weighted Zassenhaus filtrations
Let p be a prime number and G be a pro-p-group. By Ω G we denote the complete group algebra
with coefficients in F p , where U runs through the open normal subgroups of G. By I G ⊆ Ω G we denote the augmentation ideal of G, i.e. the kernel of the canonical augmentation map
The Zassenhaus filtration (G (n) ) n∈N of G is defined by
If G is finitely generated as pro-p-group, then G (n) , n ∈ N is a system of neighborhoods 1 ∈ G consisting of open normal subgroups. The Zassenhaus filtration is a p-restricted filtration of G, i.e. it satisfies
Hence, the associated graded object
carries the structure of a graded restricted Lie algebra over F p in the sense of Jacobson (cf. [10] , Ch.V.7) where the Lie bracket is induced by taking commutators and the p-th power operation is induced by taking p-th powers in G. Before proceeding, we quickly collect some basic facts on ideals and quotients of restricted Lie algebras defined over a field k of characteristic p. Homomorphisms and ideals of restricted Lie algebras are defined in the natural way. Every restricted Lie algebra L over k possesses an associative universal enveloping algebra U L together with an injective mapping L → U L such that the functor L −→ U L is left adjoint to the canonical functor {algebras over k} −→ {restricted Lie algebras over k}, cf. [10] , Ch.V, Th.12.
We need the following fact on universal enveloping algebras of quotients:
Proposition 2.1. Let L be a restricted Lie algebra over a field k of characteristic p and let r ⊆ L be an ideal. Let R denote the left ideal of U L generated by the image of r under the embedding L → U L . Then R is a two-sided ideal and
For the analogous statement for (ordinary) Lie algebras, see [2] , Ch.I, §2.3, Prop.3. Since the universal enveloping algebra of a restricted Lie algebra satisfies the analogous universal property as for an (ordinary) Lie algebra, the proof carries over immediately.
For finitely generated free pro-p-groups we can define a more general class of Zassenhaus filtrations by associating weights to a fixed system of generators. Let F be the free pro-p-group on the set x = {x 1 , . . . , x d }. Denoting by F p X the algebra of formal power series in the non-commuting indeterminates
mapping the augmentation ideal I F onto the (two-sided) ideal
Keeping this notation, we can make the following Definition 2.2. Let τ = (τ 1 , . . . , τ d ) be a sequence of integers τ i > 0. We define the valuation ν τ of F p X by
e. the filtration given by the subgroups
where we make the identification Ω F ∼ = F p X as above, is called Zassenhaus (x, τ )-filtration of F . We write gr τ F = n≥1 F (τ,n) /F (τ,n+1) for the associated graded restricted Lie algebra.
Note that unless τ 1 = τ 2 = · · · = τ d , the Zassenhaus (x, τ )-filtration depends on the choice of the generating set for F . Also note that if τ i = 1, i = 1, . . . , d, we obtain the usual Zassenhaus filtration of F .
We denote by gr τ F p X the graded F p -algebra with respect to the filtration
If F p X τ denotes the free associative algebra over F p on X (i.e. the polynomial algebra in the non-commuting variables X = {X 1 , . . . , X d }) endowed with the grading given by deg X i = τ i , there is a canonical isomorphism
is the initial form of X i ∈ F p X . Making the identification Ω F ∼ = F p X , the map F → Ω F , f → f − 1 induces an embedding of graded restricted Lie algebras
mapping the initial form of x i to X i .
Remark 2.3. Via φ F , gr τ F is mapped onto the restricted Lie subalgebra of F p X τ generated by X 1 , . . . , X d , which is the free restricted F p -Lie algebra on the set X. Furthermore, F p X τ is its universal enveloping algebra. This yields explicit bases for the F p -vector spaces F (τ,n) /F (τ,n+1) . However, we will not make use of this fact until section 5, cf. 5.5.
In order to define mild pro-p-groups, we need to notion of so-called strongly free sequences in the free algebra F p X τ . We fix the (X, τ )-grading for some τ = (τ 1 , . . . , τ d ), τ i ≥ 1, in particular, homogeneous elements will always be homogeneous with respect to this grading. Definition 2.4. Let H be a locally finite graded algebra (Lie algebra) over an arbitrary field k, i.e. H = ⊕ ∞ n=0 H n is a graded k-algebra (Lie algebra) such that H n is of finite dimension as k-vector space for all n. Then the Poincaré series (or Hilbert series) H(t) ∈ Z t of H is the formal power series
It is additive in exact sequences, i.e. if
is an exact sequence of graded algebras (Lie algebras) over k, then
We define a total ordering on Z t by setting f (t) > g(t) if the first non-zero coefficient of f (t) − g(t) is positive. This ordering satisfies the usual compatibility properties with respect to addition and multiplication in Z t .
For the sake of brevity, in all that follows we set A = F p X τ and denote by
Lemma 2.5. Let ρ 1 , . . . , ρ m ∈ I A be homogeneous elements of degree
be the two-sided ideal of A generated by the ρ i and B = A/R be the quotient algebra. We endow B with the natural induced grading. Then the Poincaré series B(t) satisfies
Proof. We follow the arguments given by J. Labute in [14] , Prop.3.2. Since R ⊆ I A , the augmentation sequence
gives rise to the exact sequence
By left multiplication, the quotient algebra I A /RI A is a free B-module on the images of X 1 , . . . , X d . Furthermore, R/RI A is a left B-module generated by ρ 1 , . . . , ρ m using the fact that
Hence, one has a surjective map of graded
where for l ∈ N 0 by B[l] we denote the F p -vector space B with grading shifted by l, i.e. B[l](t) = t l B(t). Summing up, we get an exact sequence of graded
Taking Poincaré series, we obtain
and solving for B(t), this gives the desired inequality.
has coefficients ≥ 0, the inequality in 2.5 holds coefficient-wise. However, in general it is only true with respect to the total ordering we have used above.
Definition 2.7. Keeping the notation of 2.5, the sequence of homogeneous elements ρ = {ρ 1 , . . . , ρ m } ⊂ I A is called strongly free if the inequality of Poincaré series given in 2.5 is an equality, i.e. if
.
Furthermore, we also say that the empty sequence ρ = ∅ is strongly free, in which case B = A and hence
Remark 2.8.
(i) Note that in the above definition, by a slight abuse of notation, ρ = {ρ 1 , . . . , ρ m } is considered as the sequence (and not just as the subset) consisting of ρ 1 , . . . , ρ m . For instance, the sequence ρ = {X 1 } is strongly free, whereas the sequence ρ = {X 1 , X 1 } is not. However, obviously the strong freeness of ρ does not depend on the ordering of the ρ i . (ii) In general the series on the right hand side of the inequality in 2.7 does not have positive coefficients which is of course a necessary condition for the existence of a strongly free sequence with given degrees.
Proposition 2.9. Let ρ 1 , . . . , ρ m ⊂ I A be homogeneous elements. Then the following statements are equivalent:
. . , ρ m is a strongly free sequence.
(ii) The left B-module R/RI A is free on the images of ρ 1 , . . . , ρ m .
(iii) The subalgebra R ⊆ A generated by ρ 1 , . . . , ρ m is free on ρ 1 , . . . , ρ m and there is an isomorphism of graded F p -vector spaces
where denotes the coproduct in the category of connected, locally finite graded algebras over F p .
Proof. The equivalence (i)⇔(ii) follows directly from the proof of 2.5. For the equivalence (i)⇔(iii) see [1] , Th.2.6.
Before proceeding, we give two examples in the case τ = (1, . . . , 1):
Then the sequence ρ 1 , . . . , ρ d is strongly free. In fact, this can be shown using Labute's criterion on non-singular circuits, cf. [14] or Anick's criterion, cf. 3.5. (ii) Let d ≥ 3 and
The sequence ρ 1 , . . . , ρ 3 is not strongly free. In fact, there can be no strongly free sequence of 3 homogeneous polynomials of degree 2 in 3 variables, since the series 1 1 − 3t + 3t 2 = 1 + 3t + 6t
contains strictly negative coefficients.
We will now study the notion of mild pro-p-groups. In the following, for a pro-p-group G we set
is an isomorphism. If F is the free pro-p-group on x = {x 1 , . . . , x d } endowed with the Zassenhaus (x, τ )-filtration (where as before τ = (τ 1 , . . . , τ d ) for some natural numbers τ i ≥ 1), then the latter is equivalent to R ⊆ F (τ,2) . Furthermore, if R is generated by r 1 , . . . , r m ∈ F (τ,2) as closed normal subgroup of F , we also write
. . , r m is called strongly free presentation with respect to the Zassenhaus (x, τ )-filtration of the pro-p-group G. (ii) A finitely generated pro-p-group G with d = h 1 (G) is called mild with respect to the Zassenhaus (x, τ )-filtration if it possesses a strongly free presentation with respect to the Zassenhaus (x, τ )-filtration.
The following theorem collects the main properties of mild pro-p-groups.
Theorem 2.12. Let F be the free pro-p-group on
is a strongly free presentation with respect to the Zassenhaus (x, τ )-filtration where R ⊆ F (τ,2) denotes the closed normal subgroup generated by
) the associated graded restricted F p -Lie algebra. Then the following holds:
(i) We have cd G = 2 and the relation rank
is free on the images of r 1 , . . . , r m .
(iii) We have gr τ G = gr τ F/(ρ 1 , . . . , ρ m ) where (ρ 1 , . . . , ρ m ) denotes the ideal of the restricted Lie algebra gr τ F generated by the initial forms ρ i of r i .
(iv) The universal enveloping algebra U gr τ G of gr τ G is the graded algebra associated to the filtration on Ω G induced by the (x, τ )-filtration on Ω F and its Poincaré series satisfies
Remarks 2.13.
(i) If the initial forms ρ 1 , . . . , ρ m lie in the free Lie subalgebra of F p X τ generated by X (i.e. if they are Lie polynomials in the variables X 1 , . . . , X d ), the above statements are contained in [14] , Th.5.1. The generalization to arbitrary sequences is crucial for the results on higher Massey products as well as for applications to arithmetically defined pro-p-groups. A different proof of the fact that mild pro-p-groups are of cohomological dimension 2 involving (associative) F p -algebras only is given in [7] . (ii) The fact that one can check mildness with respect to various Zassenhaus (x, τ )-filtrations is an obvious but useful property. For instance, consider the pro-p-group
, which is not mild with respect to the Zassenhaus filtration. However, it is mild with respect to the Zassenhaus (x, τ )-filtration where τ 1 = 2, τ 2 = 1.
In the following proof we can adopt the main ideas of the proof of [14] , Th.4.1. There similar results are obtained in the case of strongly free sequences with respect to (generalized) p-central series. The main difference lies in the fact that we have to deal with graded (associative) F p -algebras, whereas Labute's notion of strong freeness is in terms of free Lie algebras over the polynomial ring
Proof of Theorem 2.12. For the sake of simplicity and ignoring our notational conventions, we omit the indices τ during the proof, hence we set
Recall that I F is the augmentation ideal of Ω F and we that make the identification A = F p X 1 , . . . , X d ∼ = gr Ω F . LetR ⊆ Ω F denote the closed two-sided ideal generated by r − 1, r ∈ R. The canonical map R −→R, r −→ r − 1 induces an isomorphism of graded Ω G -modules φ : MR/RIÂ ∼ cf. [3] , proof of Th.5.2. Let R denote the two-sided ideal of A generated by the initial forms of ρ i of r i , i = 1, . . . , m. By definition, we have the inclusion R → grR. We endow the idealsR andRI F with the filtrations induced by the filtration on Ω F . We obtain a homomorphism ψ : R/RI A −→ grR/ grRI F = grR/RI F of graded F p -algebras. We claim that ψ is an isomorphism. This is equivalent to showing that the composite
of ψ with the isomorphism gr φ −1 is again an isomorphism. We prove this by induction on degrees. Let k ∈ N and assume that ξ is an isomorphism in degrees < k (if k = 1, this is clearly fulfilled, since the degree zero subspaces are trivial).
Injectivity of ξ in degree k: First deduce that R n = gr nR =R n /R n+1 for all n < k. In fact, this follows immediately by induction on degrees from the surjectivity of ξ (and hence of ψ) in degrees < k. Let χ ∈ gr nR I F . Then χ is the initial form of some element
Using R n = gr nR , I A = gr n IÂ, n < k, we conclude that (RI A ) k = gr kR I F and consequently ψ (and hence ξ) is injective in degree k.
Surjectivity of ξ in degree k: Let β be a non-zero element in gr k M and choose
Denoting by r i the image of r i in M , then r 1 , . . . , r m generate M as Ω G -module and we may therefore write
with some g i ∈ Ω G . Set ω i = deg g i , i = 1, . . . , m (where we endow Ω G with the filtration induced by the (x, τ )-filtration on Ω F ). By definition of the operation of Ω G on M , we have (Ω G ) i M j ⊆ M i+j and hence we may assume that in the above sum we have
We claim that k = k. To this end, assume k < k and define the set I by
where u i ∈ A/R is a preimage of the initial form g i of g i under the canonical projection
By definition is mapped via ξ to the image of i∈I g i r i in gr
Since by assumption deg b = k > k , we have ξ( ) = 0. By the induction hypothesis, this implies = 0. Using the equivalent characterizations of strong freeness of the sequence ρ 1 , . . . , ρ m given in 2.9, this implies u i = 0 for all i ∈ I, which yields a contradiction since g i = 0, i ∈ I. Hence, we have k = k, i.e. ω i + σ i = k for all i such that g i = 0 and consequently β lies in the image of ξ. This finishes the induction, i.e. ξ and hence ψ are isomorphisms.
By the definition of the filtrations on R and G, gr R is an ideal of the restricted Lie algebra gr F and we have gr G = gr F/ gr R. Let R denote the (two-sided) ideal of A generated by the image of gr R under the inclusion gr F → A = gr Ω F = U gr F . Then we have the inclusions
But as we have already remarked, the surjectivity of ψ implies R = grR and consequently R = grR. By 2.1, the universal enveloping algebra of gr G is given by
, since the sequence ρ 1 , . . . , ρ m is strongly free. This shows (iv). In order to prove statement (iii), let r = (ρ 1 , . . . , ρ m ) ⊆ gr F denote the ideal of the restricted Lie algebra gr F generated by ρ 1 , . . . , ρ m and consider the exact sequence 0 gr R/r gr F/r gr G 0.
Passing to the universal enveloping algebras and using 2.1, we obtain the commutative exact diagram 0 0 R grR
where gr R/r ⊆ U gr F/r denotes the (two-sided) ideal generated by the image of gr R/r. However, the map U gr F/r −→ U gr G being an isomorphism, it follows that gr R/r = 0 and since gr F/r is mapped injectively into its enveloping algebra, it follows that gr R = r, showing (iii). Under the identification A/R = gr Ω G , the isomorphism R/RI A ∼ = gr M is an isomorphism of A/R-modules. Therefore, again using 2.9, the gr Ω G -module gr M is free on the initial forms of the images of the r i . Therefore, M is a free Ω G -module on the images of the r i , cf. [16] , Ch.V, Cor.2.1.1.3. This proves (ii). By [11] , Th.7.7 the latter is equivalent to cd G ≤ 2. Since
we obtain (i). Finally, since the sequence ρ 1 , . . . , ρ m is strongly free, by [1] , Lemma 3.4 it follows that the polynomial
has a root in the interval (0 12 ) it follows that G is not p-adic analytic, which shows (v) and concludes the proof.
Multiplicative monomial orders
As in the previous section, let A = F p X τ be endowed with the (X, τ )-grading. For a given sequence ρ 1 , . . . , ρ m ∈ I A of homogeneous polynomials, being strongly free is a condition on the (infinitely many) coefficients of the Poincaré series A/(ρ 1 , . . . , ρ m )(t) which in general is not amenable to straightforward computations by hand. Hence, one needs powerful sufficient criteria to detect strong freeness.
In the special case where ρ 1 , . . . , ρ m are monomials, by a result due to D. Anick, the sequence ρ 1 , . . . , ρ m is strongly free if and only if it is combinatorially free in the sense of the following (ii) For any i, j ∈ {1, . . . , m} (where not necessarily i = j) and any factorization ρ i = x i y i , ρ j = x j y j into monomials x i , y i , x j , y j = 1, we have
In other words, the beginning of ρ i is not the ending of ρ j for any i, j.
Note that this definition is independent of the choice of the grading τ = (τ 1 , . . . , τ d ).
Theorem 3.2. Let ρ = {ρ 1 , . . . , ρ m } ∈ I A be a sequence of monomials. Then ρ is strongly free if and only if it is combinatorially free.
For a proof we refer to [1] , Th.3.1.
The above fact can be used to derive a class of sufficient criteria for the strong freeness of arbitrary sequences of polynomials by considering only the leading monomials with respect to certain orders. By M we denote the set of all monomials (including 1) in A. Definition 3.3. A total order < on M is said to be multiplicative if the following holds:
Example 3.4. Let < be a total ordering on the set X = {X 1 , . . . , X d }. Then the lexicographic ordering < on M given by Proof. This is shown in [1] , Th.3.2 in the case of lexicographic orders < defined as in 3.4. As has been remarked by P. Forré in [7] , Th.2.6, the proof immediately carries over to arbitrary multiplicative orders.
The above theorem yields a strong method to proof that a given sequence of polynomials is strongly free. E.g. the initial forms of the polynomials ρ 1 , . . . , ρ d , d ≥ 4 given in 2.10(i) with respect to the lexicographic order induced by X 1 < X 3 < . . . < X d−1 < X 2 < X 4 < . . . < X d (where for simplicity we have assumed that d is even) are given bỹ
which is a combinatorially free sequence.
For polynomials lying in the (free) Lie subalgebra of F p X generated by X 1 , . . . , X d , further criteria have been obtained by J. Labute using the elimination theorem for quotients of free Lie algebras, cf. [14] , Th.3.3. In the proof of 4.9, we will make use of Anick's criterion with respect to some special multiplicative order. In order to do so, the following definition is crucial: Definition 3.6. Let U ⊆ X = {X 1 , . . . , X d } be a subset and < a total ordering on X = {X 1 , . . . , X d }. We define a total order < U on M as follows: For a monomial α = X i 1 · · · X in α let l U (α) denote the number of X i 's in α such that
and k U (α) = k U (α ) and α < α with respect to the lexicographic ordering < induced by <.
Roughly speaking, the more variables of U are contained in a monomial α ∈ M and the more to the right hand side these variables occur, the smaller is α with respect to < U . Lemma 3.7. For any total ordering < on X = {X 1 , . . . , X d } and any subset U ⊆ X, the order < U as defined in 3.6 is a multiplicative order on M.
Proof. Clearly 1 < U α for any α ∈ M. Now assume, that α, α , β, γ ∈ M where α < U α . If α, α satisfy condition (i) or (ii) of 3.6 respectively, then obviously the same holds for βαγ, βα γ. Hence, assume that α, α satisfy condition (iii), i.e. deg
we conclude that
and therefore βαγ < U βα γ by condition (iii). Finally, the same argument shows that if α, α satisfy condition (iv), then this also holds for βαγ, βα γ.
Higher Massey products and cohomological criteria for mildness
By definition a finitely presented pro-p-group is mild if it possesses a strongly free presentation in terms of generators and relations. Since in general a mild pro-p-group also admits presentations which are not strongly free, it is desirable to have sufficient criteria for mildness that do not depend on the choice of a specific minimal generating system for a group. As mentioned in the introduction, such a criterion is given by the cup-product criterion proven by A. Schmidt (cf. [21] , Th.6.2) using Labute's results on strongly free sequences in free Lie algebras. As a necessary condition, the cup-product F p ) needs to be surjective. The main goal of this section is to prove Theorem 4.9, which gives a generalization to arbitrary higher Massey products. In particular, the cup-product can be trivial.
Massey products have been introduced by W.S. Massey as higher analogs of the cup-product in algebraic topology. They can be studied in a context as general as the cohomology of complexes, i.e. they can be defined for various cohomology theories (e.g. see [12] , [17] and [4] ). For the applications we have in mind, we introduce them for group cohomology of pro-p-groups with F pcoefficients.
Let G be a pro-p-group. Recall that me make the notational convention H i (G) = H i (G, F p ). We denote by C * (G) the standard inhomogeneous cochain complex (e.g. see [19] , Ch.I, §2) for the trivial G-module F p . Definition 4.1. Let n ≥ 2 and α 1 , . . . , α n ∈ H 1 (G). We say that the n-th Massey product α 1 , . . . , α n n is defined if there is a collection
(called a defining system for α 1 , . . . , α n n ), such that the following conditions hold: (i) a ii is a representative of the cohomology class
where ∂ 2 denotes the coboundary operator ∂ 2 :
If A is a defining system for α 1 , . . . , α n n , the 2-cochain
is a cocyle and we denote its class in H 2 (G) by α 1 , . . . , α n A . We set
where A runs over all defining systems. The Massey product α 1 , . . . , α n n is called uniquely defined if # α 1 , . . . , α n n = 1. The n-th Massey product is uniquely defined for G if α 1 , . . . , α n n is uniquely defined for all α 1 , . . . , α n ∈ H 1 (G).
It can be shown that the n-th Massey product is uniquely defined if the Massey products of lower order are uniquely defined and identically zero. More precisely, we have the following Proposition 4.2. Let n ≥ 2 and α 1 , . . . , α n ∈ H 1 (G).
(i) For n = 2 the Massey product α 1 , α 2 2 is uniquely defined and given by the cup-product, i.e.
(ii) Let n ≥ 2. Assume that for all 2 ≤ l < n and all α 1 , . . . , α l the l-th Massey product α 1 , . . . , α l l = 0 is uniquely defined and given by the zero class in H 2 (G). Then for all β 1 , . . . , β n ∈ H 1 (G) the n-th Massey product β 1 , . . . , β n n is also uniquely defined and yields a multilinear map (of F p -vector spaces)
Proof. Statement (i) follows immediately from the definition. For a proof of (ii) see [12] , Lemma 20 and [6] , Lemma 6.2.4.
Remark 4.3.
Higher Massey products satisfy the same functoriality properties as the cup-product. In particular, provided they are uniquely defined, they commute with inflation, restriction and corestriction.
Now assume that the pro-p-group G is finitely presented with d = h 1 (G).
be a minimal presentation of G where F is a free pro-p-group on generators
be the dual basis corresponding to x 1 , . . . , x d . The five term exact sequence yields the isomorphism
Hence, every element r ∈ R gives rise to the trace map
If r 1 , . . . , r m is a minimal system of defining relations, i.e. a minimal system of generators of R as closed normal subgroup of F , then tr r 1 , . . . , tr rm is a basis of
Recall that we have the topological isomorphism Ω F F p X , x i 1 + X i .
∼
By ψ : F → F p X we denote the composite of the map F → Ω F , f → f − 1 with the above isomorphism, mapping F into the augmentation ideal of F p X . The element ψ(f ) is called Magnus expansion of f ∈ F . As noticed by H. Koch, there is a close connection between higher Massey products for G and its defining relations lying in higher Zassenhaus filtration steps. In order to make this precise, we need the following notation: By definition we have f ∈ F (n) , n ≥ 1 if and only if ε I,p (f ) = 0 for all multi-indices I of length |I| < n. We can now state the important Theorem 4.5. Let G be a finitely presented pro-p-group and
be a minimal presentation. Assume that R ⊆ F (n) for some n ≥ 2. Then for all k ≤ n the k-fold Massey product
is uniquely defined. Furthermore, for all multi-indices I of height d and length 1 < |I| ≤ n we have the equality
for all r ∈ R where for I = (i 1 , . . . , i k ) we have set
For a proof we refer to [23] , Prop.1.2.6 or [18] , Th.2.2.2 respectively. By the above theorem, if R ⊆ F (n) , the n-fold Massey product of G is uniquely defined and determined by the Magnus expansions of a minimal system of defining relations.
We introduce the following invariant of G:
Definition 4.6. Let G be a finitely generated pro-p-group. We define the Zassenhaus invariant z(G) ∈ N∪{∞} to be the supremum of all natural numbers n satisfying one (and hence all) of the following equivalent conditions:
is a minimal presentation of G, then the induced homomorphism of graded restricted Lie algebras gr
is uniquely defined and identically zero for 2 ≤ k < n.
The equivalence (i)⇔(ii) is clear from the definition and (i)⇔(iii) is a direct consequence of 4.5. Obviously, by definition we have z(G) ≥ 2. Furthermore, z(G) = ∞ if and only if G is free.
The coefficients ε I,p (f ) satisfy certain symmetry relations which by 4.5 imply analogous relations for higher Massey products. In order to state them, we need the notion of shuffles:
The following shuffle identities have been conjectured by W. G. Dwyer in a topological setting (cf. [5] , Conj.4.6) and proven in the cohomology of finitely presented pro-p-groups by D. Vogel (cf. [23] , Cor.1.2.10): Proposition 4. 8 ((a, b)-shuffle identity) . Let G be a finitely generated pro-pgroup with Zassenhaus invariant z(G) ≥ n. Let a, b ≥ 1 be integers satisfying a + b = n and ξ 1 , . . . , ξ n ∈ H 1 (G). Then
where the sum is taken over all (a, b)-shuffles f .
Note that for n = 2 this simply amounts to the anti-commutativity of the cup-product. If z(G) = 3, the above proposition is equivalent to
for all ξ 1 , ξ 2 , ξ 3 ∈ H 1 (G). In particular, for p = 3 we have ξ 1 , ξ 1 , ξ 1 3 = 0.
We can now state and prove our main result:
Theorem 4.9. Let p be a prime number and G a finitely presented pro-p-group with n = z(G) < ∞. Assume that H 1 (G) admits a decomposition H 1 (G) = U ⊕V as F p -vector space such that for some natural number e with 1 ≤ e ≤ n−1 the n-fold Massey product ·, . . . , · n :
surjectively onto H 2 (G). Then G is mild (with respect to the Zassenhaus filtration). In particular, G is of cohomological dimension cd G = 2.
Proof. We set d = h 1 (G), m = h 2 (G) and c = dim Fp U . Furthermore, we choose bases χ 1 , . . . , χ c and χ c+1 , . . . , χ d of U and V respectively. Let x 1 , . . . , x d ∈ G be arbitrary lifts of the basis of
where F is the free pro-p-group on generators x 1 , . . . , x d and π maps x i to x i . Recall that we have the embedding gr F → F p X (of graded restricted Lie algebras) where X = {X 1 , . . . , X d }, mapping the initial form of x i to X i . Let < denote the natural order on X, i.e. X 1 < X 2 < . . . < X d . We order the set of monomials by the order < U introduced in 3.6 where by abuse of notation we denote the subset {X 1 , . . . , X c } ⊂ X also by U . We have seen in 3.7 that < U is in fact a multiplicative order. Consider the following subset of the set M n d of multi-indices of height d and length n:
. . , i e ≤ c and i e+1 , . . . , i n > c}. Note that b := #B = dim Fp (U ⊗e ⊗ V ⊗n−e ) = c e (d − c) n−e . Since by condition (b) the homomorphism ϕ : U ⊗e ⊗ V ⊗n−e −→ H 2 (G) is surjective, there exists a basis C = {y 1 , . . . , y m } of H 2 (G), such that the transformation matrix M of ϕ with respect to the bases
(which we order via < U ) and C is of the form
In fact, first choose an arbitrary basis of H 2 (G) and transform the corresponding matrix M of ϕ into row echelon form by applying elementary row operations, noting that rank M = m. For 1 ≤ j ≤ m and I ∈ B we denote by m j,I the coefficient in the j-th row and the column corresponding to I of M . We choose
) ∨ where as above tg denotes the transgression isomorphism
Hence, r 1 , . . . , r m is a minimal system of defining relations of G and the trace map tr r j ∈ H 2 (G) ∨ is the linear form dual to y j . Let ρ j ∈ gr F be the initial form of r j . We claim that the sequence ρ 1 , . . . , ρ m is strongly free. Since z(G) = n, by 4.5 and the definition of the matrix M = (m j,I ), we have
First note that since every row of M is non-zero, this implies ρ j ∈ gr n F = F (n) /F (n+1) , i.e. the ρ j are homogeneous polynomials of degree n. Noting in addition that the initial form ρ j is obtained by leaving out all monomials of degree > n in the Magnus expansion of r j , condition (a) gives rise to ε I,p (r j ) = (−1) |I|−1 tr r j χ I n = 0 for 1 ≤ j ≤ m and any multi-index I = (i 1 , . . . , i n ) satisfying the condition #{k | i k > c} ≥ n − e + 1, which is equivalent to #{k | i k ≤ c} ≤ e − 1. That is, every monomial of ρ j contains at least e factors X i , i ≤ c. Since the monomials in X I , I ∈ B have the property that the X i , i > c are on the right end, by definition of the ordering < U (cf. 3.6) we conclude that the high termsρ j of the ρ j with respect to < U are monomials of the formρ j = X I j for some I j in B. Furthermore, taking into account that the matrix M is in row echelon form, we see that theρ j are pairwise distinct. In particular,ρ j is not contained inρ k for 1 ≤ j, k ≤ m, j = k and since eachρ j begins (from the left) with e variables X i , i ≤ c and ends with n − e variables X i , i > c, the beginning ofρ j is never the ending ofρ k for 1 ≤ j, k ≤ m. In other words, the sequenceρ 1 , . . . ,ρ m is combinatorially free and by Anick's criterion 3.5 we conclude that ρ 1 , . . . , ρ m is strongly free.
Remark 4.10.
(i) If z(G) = 2, the above statement is the following: Assume that H 1 (G) = U ⊕ V and the cup-product
is trivial on V ⊗ V and maps U ⊗ V surjectively onto H 2 (G). Then G is mild. Hence, we have obtained new proof for the cup-product criterion including the case p = 2.
(ii) Next consider the case z(G) = 3 and apply 4.9 for e = 1. We obtain that G is mild if H 1 (G) = U ⊕ V and the triple Massey product is trivial on V ⊗ V ⊗ V and maps U ⊗ V ⊗ V surjectively onto H 2 (G). A straightforward application of [23] , Prop.1.3.3 shows that these conditions are equivalent to the following: G possesses a minimal presentation
. . , r m where
for n = 1, . . . , m with a n i , a n ijk ∈ F p , such that for some 1 ≤ c < d:
has rank m. (III) If p = 3, then a n i = 0 if c < i and 1 ≤ n ≤ m. These conditions resemble [20] , Th.5.5 and [7] , Cor.6.5 respectively, where similar statements for relations of degree 2 are given.
Applying 4.9 for e = 2, we find that G is mild if H 1 (G) = U ⊕ V , the triple Massey product is trivial on the subspaces
and maps U ⊗ U ⊗ V surjectively onto H 2 (G). As in the case e = 1 these conditions translate into basic commutators.
We end this section by giving some remarks on arithmetic examples: In [14] , J. Labute applied the theory of mild pro-p-groups to give the first examples of Galois groups of the form G S (p) = Gal(Q S (p)|Q) satisfying cd G S (p) = 2 where Q S (p) is the maximal pro-p-extension Q unramified outside a finite set S of prime numbers different from p. A. Schmidt proved that for a general number field the sets S such that cd G S (p) = 2 are cofinal among all finite sets S even in the tame case, i.e. considering primes with residue characteristic different from p only (the precise statement is stronger, see [21] , Th.1.1 for details). An important ingredient in the proof is the cup-product criterion for mildness. The question naturally arises whether mild pro-p-groups with Zassenhaus invariant ≥ 3 occur as arithmetical Galois groups of the form G S (p). For p = 2 a positive answer is given by the following two examples studied in [9] , which actually satisfy the conditions given in 4.9:
Example 4.11.
(i) Let S = {l 0 , l 1 , . . . , l n } for some n ≥ 1 and prime numbers l 0 = 2, l i ≡ 9 mod 16, i = 1, . . . , n, such that the Legendre symbols satisfy
Then G S (2) is a mild pro-2-group with generator rank h 1 (G S (2)) = n+1, relation rank h 2 (G S (2)) = n and Zassenhaus invariant z(G S (2)) = 3. (ii) Let S = {2, 17, 7489, 15809}, T = {5}. Then the Galois group G T S (2) of the maximal pro-2-extension of Q unramified outside S and completely decomposed at T is a mild pro-2-group with
)) = 3. Moreover, assuming the Leopoldt conjecture for p = 2, the latter group G T S (2) is a fab pro-2-group, i.e. the abelianization
To the author's knowledge this yields the first known example of a mild fab group with Zassenhaus invariant ≥ 3 and also the first example of a mild fab group with generator rank ≤ 3. J. Labute, C. Maire and J. Mináč have announced analogous results for odd p.
One-relator pro-p-groups
In the following two sections, we investigate the cohomological dimension of finitely generated pro-p-groups with a single defining relation. The structure of these groups is also of arithmetic interest, e.g. Demuškin groups occur naturally as the Galois group of the maximal p-extension of a local field containing a primitive p-th root of unity or as the pro-p-completion of the (discrete) fundamental group of a compact Riemann surface. We will study pro-p-groups of Demuškin type in section 6. Definition 5.1. A one-relator pro-p-group is a pro-p-group G satisfying h 1 (G) < ∞ and h 2 (G) = 1, i.e. G ∼ = F/(r) where F is a finitely generated free pro-p-group and r ∈ F (2) .
The goal of this section is the proof of Th. 5.9. A crucial ingredient is the structure of the restricted Lie algebra gr τ F for a finitely generated pro-p-group F .
Let k be a field of characteristic p and k X the free associative algebra over k on X. By L(X), L res (X) we denote the Lie subalgebra and the restricted Lie subalgebra generated by X respectively. Then L(X) is the free Lie algebra over k on X, L res (X) is the free restricted Lie algebra over k on X and k X is the universal enveloping algebra for both L(X) and L res (X). We endow L(X) and L res (X) with the grading induced by the natural grading on k X given by deg X i = τ i . We recall the notion of Hall commutators: Definition 5.2. The set C n ⊆ L(X) of Hall commutators of weight n together with a total order < is inductively defined as follows:
(ii) C n is the set of all commutators [c 1 , c 2 ] where c 1 ∈ C n 1 , c 2 ∈ C n 2 such that n 1 + n 2 = n, c Finally for c ∈ C n we set d < c for any d ∈ C i , i < n.
We set C = n∈N C n .
The following lemma is well-known:
and L res (X) be endowed with the natural grading, i.e.
Let τ = (τ 1 , . . . , τ d ) be a sequence of integers τ i > 0 and k X = n≥0 k X τ n be the (X, τ )-grading given by deg τ X i = τ i . These gradings induce gradings
and L res (X) into a graded k-Lie algebra and a graded restricted k-Lie algebra respectively,
Note that since for any τ the set C consists of (X, τ )-homogeneous polynomials, we obtain the following Corollary 5.4. The set
Now let F be the free pro-p-group on x = {x 1 , . . . , x d } endowed with the (x, τ )-grading. Recall that the map F → Ω F , f → f − 1 and the identification Ω F ∼ = F p X induce the embedding of graded restricted Lie algebras
mapping the initial form of x i to X i . In [16] , App.3, Th.3.5 it is shown that for τ = (1, . . . , 1) the restricted F p -Lie algebra gr F is generated by the initial forms of x 1 , . . . , x d . Note that Lazard uses a different definition for the Zassenhaus filtration, however it is not hard to show that it coincides with the definition given in section 2. Furthermore, applying similar arguments to the ones in [16] , it follows more generally that gr τ F is generated by the initial forms of x 1 , . . . , x d as restricted F p -Lie algebra for any τ = (τ 1 , . . . , τ d ). This implies the following Proposition 5.5. Under the embedding φ F , the graded restricted Lie algebra gr τ F identifies with the free restricted Lie algebra L res (X) endowed with the (X, τ )-grading.
Corollary 5.6. Under the identification gr τ F ∼ = L res (X), the set C τ n is a F p -basis for F (τ,n) /F (τ,n+1) for all n ∈ N.
We return to the study of one-relator pro-p-groups. In [13] , J. Labute showed that if the generating relation of a one-relator pro-p-group is 'not too close' to being a p-th power, then the group is mild. One key ingredient in his proof is the following theorem, cf. [13] , Th.1.
Theorem 5.7. Let k be an arbitrary field and L(X) be the free Lie algebra over k on the set X = {X 1 , . . . , X d } endowed with the (X, τ )-filtration for some τ = (τ 1 , . . . , τ d ). Let ρ ∈ L(X) be a homogeneous element of degree n. Let g = L(X)/(ρ) be the quotient of L(X) by the Lie ideal generated by ρ. Then the Poincaré series of the enveloping algebra U g of g satisfies
Corollary 5.8. Let X = {X 1 , . . . , X d } and ρ ∈ L(X) ⊂ F p X be a nonzero homogeneous element with respect to the (X, τ )-filtration for some τ = (τ 1 , . . . , τ d ) which lies in the free Lie subalgebra L(X) ⊂ F p X . Then the sequence {ρ} is strongly free.
Proof. Let R denote the two-sided ideal of F p X generated by ρ. Since F p X is the universal enveloping algebra of the F p -Lie algebra L(X), by [2] , Ch.I, §2.3, Prop.3 there is a canonical isomorphism F p X /R ∼ = U g where as above U g denotes the enveloping algebra of L(X)/(ρ). Hence the claim follows immediately from 5.7.
Theorem 5.9. Let F be the free pro-p-group on x 1 , . . . ,
is mild with respect to the Zassenhaus (x, τ )-filtration. (ii) Let r ∈ F (2) such that for some τ = (τ 1 , . . . , τ d ) and some n ∈ N with (n, p) = 1 it holds that r ∈ F (τ,n) \ F (τ,n+1) . Then G = F/(r) is mild with respect to the Zassenhaus (x, τ )-filtration.
Proof. The first statement is a direct consequence of 5.8. Hence it remains to show (ii): Assume that r ∈ F (τ,n) \ F (τ,n+1) . Then for the initial form ρ of r in gr τ F we have ρ ∈ F (τ,n) /F (τ,n+1) ∼ = L res (X) τ n . By 5.4, a F p -basis of L res (X) τ n is given by the set C τ n ⊂ C. However, since n is prime to p, it follows that C τ n ⊂ C consists of Hall commutators only, in particular ρ is a Lie polynomial. Now the claim follows from (i).
As a special case of (ii), we obtain the following Corollary 5.10. Let G be a one-relator pro-p-group such that the Zassenhaus invariant z(G) is prime to p. Then G is mild with respect to the Zassenhaus filtration.
The above corollary can be considered as a more general version of [13] , Th.4. In our proof it was essential to combine Labute's result 5.7 on quotients of free Lie algebras by a single relation with the fact that we have a complete description of the (graded) structure of gr F in terms of a free restricted Lie algebra. As an immediate consequence, we obtain the following: If G is a onerelator pro-p-group with cd G > 2, then p | z(G). This fact is related to an open question which has been originally asked by Serre in [22] . The following slightly corrected version is due to Gildenhuys, cf. [8] :
"Let G be a one-relator pro-p-group satisfying cd G > 2. Does G admit a presentation of the form G = F/(u p ), i.e. is G the quotient of a free pro-p-group by a p-th power?"
A positive answer would imply that for one-relator pro-p-groups G we have cd G ∈ {2, ∞}. This question is a pro-p-version of an analogous result proven by Lyndon for discrete groups. Unfortunately, we cannot give an answer, however we can provide some evidence by showing that for a one-relator pro-p-group with z(G) = p and cd G > 2, the generating relation is always congruent to a p-th power modulo elements of Zassenhaus degree > p.
To this end we need the following Lemma 5.11. Assume that G is a finitely generated pro-p-group with z(G) ≥ n. Then the n-fold Massey product ·, . . . , · n :
induces a linear map B n : H 1 (G) −→ H 2 (G), χ −→ χ, χ, . . . , χ n .
If n is not a power of p, then B n is identically zero.
Proof. Let χ, ψ ∈ H 1 (G). Then by multilinearity of the Massey product, we have B n (χ + ψ) = χ n , . . . , χ n n + ψ, χ, . . . , χ n + χ, ψ, χ, . . . , χ n . . . + χ, . . . , χ, ψ n + ψ, ψ, χ, . . . , χ n + ψ, χ, ψ, χ, . . . , n + . . . + χ, . . . , χ, ψ, ψ n + . . . + χ, ψ, . . . , ψ n + ψ, χ, ψ, . . . , ψ n . . . + ψ, . . . , ψ, χ n + ψ, . . . , ψ n .
By the shuffle identities 4.8 it follows that in the above sum all lines except for the first and last ones are zero, hence B n (χ + ψ) = B n (χ) + B n (ψ). Now write n = mp k where (m, p) = 1 and assume m > 1. Applying the (p k , (m − 1)p k )-shuffle identity with respect to the entries ξ 1 = . . . = ξ n = χ we find that Hence the initial formρ ∈ gr τ F of r is a (non-zero) sum of Hall commutators, in particularρ is a Lie polynomial. Hence, again using 5.9(i), G is mild with respect to the Zassenhaus (x, τ )-filtration, which yields a contradiction to the assumption cd > 2. Therefore, c = 1 and hence r ≡ x p 1 mod F (p+1) .
A one-relator pro-p-group G with Zassenhaus invariant z(G) divisible by p can still be mild and hence of cohomological dimension 2 in many cases, even if the initial form of the generating relation is not a Lie polynomial. We will investigate this in more detail in the next section.
Groups of Demuškin type
We introduce the following abbreviation: For χ 1 , . . . , χ k ∈ H 1 (G) and e 1 , . . . , e k ≥ 1, we denote by (χ Definition 6.1. Let G be a one-relator pro-p-group with n = z(G). We say that G is of Demuškin type, if for any χ ∈ H 1 (G) \ {0} there exist ψ ∈ H 1 (G) and e ∈ N, 1 ≤ e ≤ n such that (χ e−1 , ψ, χ n−e ) n = 0.
If z(G) = 2, the condition given in 6.1 means that the cup-product pairing H 1 (G) × H 1 (G) → H 2 (G) is non-degenerate, i.e. G is a Demuškin group. In order to show an infinite group of Demuškin type G is of cohomological dimension cd G = 2, we first prove the following Lemma 6.2. Let G be a finitely generated pro-p-group with n = z(G). Assume that for some χ, ψ ∈ H 1 (G) and 1 ≤ e ≤ n it holds that (χ e−1 , ψ, χ n−e ) n = 0.
Then also (ψ, χ n−1 ) n = 0.
